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Introduction

@ Preprint "Non-simplicial quantum toric varieties"

@ based on the preprint "Quantum (Non-commutative) Toric Geometry:
Foundations" of L.Katzarkov, E.Lupercio, L.Meersseman, A.Verjovsky

o Goal : Define in a functorial way a "toric variety" associated to a

simplicial fan on a finitely generated subgroup of RY (quasi-lattice)
o Compute moduli spaces thanks to this correspondence
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Introduction

Preprint "Non-simplicial quantum toric varieties"

based on the preprint "Quantum (Non-commutative) Toric Geometry:
Foundations" of L.Katzarkov, E.Lupercio, L.Meersseman, A.Verjovsky

o Goal : Define in a functorial way a "toric variety" associated to a

simplicial fan on a finitely generated subgroup of RY (quasi-lattice)
o Compute moduli spaces thanks to this correspondence

o Find a compactification of these moduli spaces — Non-simplicial fans

@ In classical theory, simplicial fans correspond to the orbifold toric varieties
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Introduction

Non-simplicial cones |

@ exist in dimension > 3
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Introduction

Non-simplicial cones |

@ exist in dimension > 3

@ can have an arbitrary number of 1-cones
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Introduction

Non-simplicial cones Il

@ don't have a nice description of their faces
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Introduction

Non-simplicial cones Il

@ don't have a nice description of their faces
o = Cone(ey, e2,e3,vi=€1 — e+ €3) C R3

€3

€1

Its faces are :
o Cone(ey), Cone(ez),Cone(ez), Cone(v) (with 1 generator) ;
o Cone(ey, e2), Cone(ez, e3), Cone(er, v), Cone(es, v) (with 2 generators) ;
@ no cones with 3 generators
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Presented quantum tori

Stacks

Site 2 :
o Objects: affine toric varieties
@ Morphisms : toric morphisms
o Coverings : {U; — X}ieq1,...,ny Where the U; are toric open subsets of X

such that X = U, U;
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Presented quantum tori

Stacks

Site 2 :
o Objects: affine toric varieties
@ Morphisms : toric morphisms
o Coverings : {U; — X}ieq1,...,ny Where the U; are toric open subsets of X

such that X = U, U;

Stacks over 2 :
Let H be an abelian Lie group acting on a toric variety X. We can consider the

quotient stack [X/H] :
@ objects over an object T € 2 : @ morphisms over a morphism

T
(where 7 is a H-principal bundle
and m is H-equivariant)

~ =
<~ W0

Antoine BOIVIN Non-simplicial quantum toric varieties



Presented quantum tori

First definitions of Quantum Toric Geometry

o Calibration of T C RY (2 C T) :
o an epimorphism h: ZV — T such that h(e;) = ¢ for i € {1,...,d} ;
o Asubset Z C {1,..., N} such that Vectc(h(e;),i ¢ Z) = C?
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Presented quantum tori

First definitions of Quantum Toric Geometry

o Calibration of T C RY (2 C T) :
o an epimorphism h: ZV — T such that h(e;) = ¢ for i € {1,...,d} ;
o Asubset Z C {1,..., N} such that Vectc(h(e;),i ¢ Z) = C?

@ Quantum Torus associated to a calibration (h,Z) : the quotient stack
7t = [c?/2")
where the action of Z" on C? is

m-z=z+ h(m)
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o Calibration of T C RY (2 C T) :
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Presented quantum tori

First definitions of Quantum Toric Geometry Il

@ A morphism of quantum tori is given by two linear morphisms
L:RY 5 R and H:R"Y — R" with a map s : Z — Z’, compatible with
the calibrations
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Presented quantum tori

First definitions of Quantum Toric Geometry Il

@ A morphism of quantum tori is given by two linear morphisms
L:RY 5 R and H:R"Y — R" with a map s : Z — Z’, compatible with
the calibrations

o Multiplicative form of the quantum torus :
yhcaI/ ~ [Td/ZNfd}
where the action of Z¥~¢ on T? := (C*)? is
m-z=E(h(0z & m))z

where E(z1,...,24) = (exp(2imz1), ..., exp(2irzq))

Antoine BOIVIN Non-simplicial quantum toric varieties



Presented quantum tori
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Presented quantum tori

Presented calibrated quantum tori |

Definition
A presented calibrated quantum torus is a 6-uple
(78, 0:2" - GC R, T',L,H,s)

where (p,T') is a calibration of the group G, L : R — R is a linear
epimorphism, H : Z" — Z" is a group isomorphism and s : Z — 7' is a
bijection such that :

@ Lig: G — T isa group isomorphism.

@ hH= Ly

o Forall i € Z, H(ej) = ey(;) and for all i ¢ T, H(ei) € @41 Ze
The morphism ¢ is the calibration of this presented calibrated quantum torus.
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Presented quantum tori

Presented calibrated quantum tori |

Definition
A presented calibrated quantum torus is a 6-uple
(78, 0:2" - GC R, T',L,H,s)

where (p,T') is a calibration of the group G, L : R — R is a linear
epimorphism, H : Z" — Z" is a group isomorphism and s : Z — 7' is a
bijection such that :

@ Lig: G — T isa group isomorphism.

e hH =Ly

o Forall i € Z, H(ej) = ey(;) and for all i ¢ T, H(ei) € @41 Ze

The morphism ¢ is the calibration of this presented calibrated quantum torus.

o If p = d, this data define a torus isomorphism between 7% and 9;:"}

@ In the general case, they define a stack isomorphism between the
associated stack [C?/Z" x ker(L ®g idc)] and 7%
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Presented quantum tori

Presented calibrated quantum tori Il

@ Morphism between presented calibrated quantum tori = torus morphism
L% 778 — ﬂ,ﬁf’z/ with morphisms compatible with the data of the
presentation.

@ The following diagram commutes
[CP/ZN x ker(Le)] —Z'> [CP' JZV' x ker(LL)]

]

!
cal 2z cal
~h,T w1’
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Presented quantum tori

Presented calibrated quantum tori Il

@ Morphism between presented calibrated quantum tori = torus morphism
L% 778 — ﬂ,ﬁf’z/ with morphisms compatible with the data of the
presentation.

@ The following diagram commutes
[CP/ZN x ker(Le)] —Z'> [CP' JZV' x ker(LL)]

]

!
cal 2z cal
~h,T w1’

o There exists a multiplicative form [T?/ZN~9 x E(ker(L ®r idc))]
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Presented quantum tori

Forget the presentation

Theorem (B. ; 2020)
The forgetful functor
(%% 92" = G T, L, H,5) > Ty,

is an equivalence of categories between the category of presented calibrated
quantum tori and the category of standard calibrated quantum tori.
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Affine quantum toric varieties

Setting

o A finitely generated subgroup I of R ;

o A calibration (h® : Z" — T, Z) of T ;

o A strongly convex cone o = o of R? of dimension d (i.e.
dim Vect(c) = d) which is generated by some
vi=h?(e),iclc{l,...,N}\ZT.
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Affine quantum toric varieties

Construction of quantum toric varieties |

With these data, we can consider

cal

et C' — €9 which is an epimorphism ;

] hac =h

@ a basis B = {vj,j € I~} of C% included in the set of the generators of the

1-cones of o which induces a decomposition
c' = (CT@ ker(hoc);

@ a permutation x € Sy such that x({1,...,d}) = I
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Affine quantum toric varieties

Construction of quantum toric varieties |

With these data, we can consider

cal

et C' — €9 which is an epimorphism ;

] hac =h

@ a basis B = {vj,j € T} of C% included in the set of the generators of the

1-cones of o which induces a decomposition
c' = (CT@ ker(hoc);

@ a permutation x € Sy such that x({1,...,d}) = I

Definition

The linear morphism ¢ : CV — C! < C' defined by

cal

e — [th]_l(hC (exv))

is called calibration associated to o, B and .
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Affine quantum toric varieties

Construction of quantum toric varieties |l

By analogy with the tori, we can now define an action of ZVN=¢ x E(ker(hoc))
on C by :
(m,E(t))-z=E(p(0® m) + t)z

and define the quotient stack associated to it :

%Ucal — [(CI/ZNid x E(ker(hoc))]
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Affine quantum toric varieties

Construction of quantum toric varieties |l

By analogy with the tori, we can now define an action of ZVN=¢ x E(ker(hoc))
on C by :
(m,E(t))-z=E(p(0® m) + t)z

and define the quotient stack associated to it :

%Ucal — [(CI/ZNid x E(ker(hoc))]

Definition

The stack %' .= [C'/Z"~? x E(ker(hoc))] is the quantum toric variety
associated to the cone o and to the calibration A% : ZN — T.

The 6-uple
(‘yhii’/lﬂp ZV — [hg]_l(r),x_l(I), hoc, Py : €+ eX(")7X)

is the presented quantum torus associated to %, which encodes the stack
[T'/ZN=? x E(ker(hoc))].
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Affine quantum toric varieties

SEME

Let i :ZN 5 R3, e e for i =1,2,3, es — v := aer — bes + ces, ex — vk
and T = A (Z"). Let o = Cone(ey, &2, €3, v).

€3

This cone encodes an action of ZV~3 x E(C(v, —1)) on
C* = (C?* x 0) @ C(v, —1) defined by :

(m, EQA\(v, —1)) - = E(H(m) + A(v, ~1))z
The quantum toric variety associated to o is the quotient stack

wS = [C* )2V 3 x E(C(v, -1))]
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Affine quantum toric varieties

Links with the other constructions

o Consider the classical setting i.e. I is a lattice and the calibration is an
isomorphism, then

° ”Z/;a’ is not isomorphic to the toric variety Uy

o Uy, =C' J) E(ker(hoc))
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Affine quantum toric varieties

Links with the other constructions

o Consider the classical setting i.e. I is a lattice and the calibration is an
isomorphism, then

° ”Z/;a’ is not isomorphic to the toric variety Uy

o Uy, =C' J) E(ker(hoc))

o For a general ' but with o simplicial, we have a toric isomorphism :

[C'/ZN= x E(ker(hoc))] = %S ~ ij’},x,lw = [C?/zN ]
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Affine quantum toric varieties

Compatibility with the restriction

If dim7 = k < d, we can choose a family J of elements of {1,..., N} of
cardinal d — k such that Vect(r U v;,j € J) = C°.
Then, by the same construction,

w = [0 % /2" % E (ker (hfler) )]
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Affine quantum toric varieties

Compatibility with the restriction

If dim7 = k < d, we can choose a family J of elements of {1,..., N} of
cardinal d — k such that Vect(r U v;,j € J) = C°.
Then, by the same construction,

we = [(C’ x T /Z" ¢ x E (kel’ (h(ccé\'ic/xcl))]

Proposition

Let 0 = o be a cone and let T = o be a face of . Then we have an
isomorphism

U ~ (€ x TN JZN? x E(ker(ho))] — %"

which restricts to an torus isomorphism.
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Global construction

Setting I

o A finitely generated subgroup I of R ;

o A calibration (h : ZN — I, Z) of T ;

o A family of strongly convex cones o = o; of R? which are generated by
some v; := h“(e;),i € I C {1,..., N} \ Z such that

e every intersection of cones is a cone ;

e every face of a cone is a cone
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Global construction

Quantum toric varieties

Let T € 2. An object of %gazca, 7 over T is a covering (T) := T, )ican, of T
together with an object of %' over T,

:I:/ LCI X TK
T

for every o; € Amax, satisfying for any couple (/, ") with non-empty
intersection J

—1 my —il my
m, (yalol/) —_— yo,a// my, (ya,/a,) I ya,/a,
g”, i - l
T[ TI’
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Global construction

Correspondence

Theorem (Katzarkov, Lupercio, Meersseman, Verjovsky ; 2020)

The correspondence (A, hca/,I) — Z AC"”LCQ, 7 Is functorial and induces an
equivalence of categories between the category of simplicial calibrated quantum
fans and the category of simplicial calibrated quantum toric varieties.

Theorem (B. ; 2020)

The correspondence (A, h%!, T) — ,%’ACQLCB, 7 Is functorial and induces an
equivalence of categories between the category of calibrated quantum fans and
the category of calibrated quantum toric varieties.
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Global construction

Global quotient

Let (A, h : ZV — T, T) be a quantum fan.

The associated fan A, is the fan on Z" whose maximal fans are the cones
Cone(ej, i € I) where ) € Apax.

Let . = X(Ajer) the (classical) toric variety associated to this fan.

There is a stack isomorphism

Z e 7 = [F )27 x E(ker(hE'))]

which restricts to a torus isomorphism between the associated quantum torus
on each affine chart.
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Global construction

Example I

lete €ERso, v=(—21,22 -2) T=7>+ZvCR? h*:Z° 5T bea

e) €

standard calibration of I', A the fan of R® whose maximal fans are
Amax ={Cone(er, tes, e3), Cone(—er1, —e2, €3),
Cone(ey, £es,v), Cone(—e1, —ez, v), Cone(—er, e2, €3, v)}

€3

%5?163119 is isomorphic to the quotient of
S = (C*\ {0})*\[C* x C* x (C*)*U(C* x C)}JU(C* x C* x C* x C)
by the action of Z"~% x E(ker(h&')) defined by
(m, E(t)) -z = E(h®'(m) @ Ocn—u + t)z
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Global construction

Quantum GIT quotient

A Gale transform of a family {vi,...,w} C R%is a family
{A1,...,An} C RM=9 such that the morphisms h: (X1, Xn) = D0 XiVi
and k: t € R 5 ((Ar, 1), ..., (An, t)) € RY make the following sequence
exact

0 RV-4_X SRV _ P L Re 0
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Global construction

Quantum GIT quotient

A Gale transform of a family {v1,...,vw} C R? is a family
{A1,...,An} C RM=9 such that the morphisms h: (X1, Xn) = D0 XiVi
and k: t € R 5 ((Ar, 1), ..., (An, t)) € RY make the following sequence
exact

0 RV-4 K RV " Rd 0

Theorem (Katzarkov, Lupercio, Meersseman, Verjovsky ; 2020)

If the quantum fan is simplicial, the quantum toric variety Q”Acf’,',ca,l can be
described as a global quotient [ /C"=9] where CN=¢ acts on . through the
morphism E o ke : CN=% — TV where k is defined by a Gale transform of the
family (hcal(ei))ie{l,,.,,N}

Idea of proof :
We can prove that the open substack %, := [C' x T" /C"~] c [ /C"~7]
and %jf” are isomorphic.
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Global construction

Proposition (B. ; 2020)

The stacks % and %, are not isomorphic if o is not simplicial.

Hence, if A is not simplicial, %AC‘?LC‘,,’I and [y/CN_d] are not isomorphic
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